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Abstract This paper addresses the estimation problem of an unknown drift parameter
matrix for a fractional Ornstein-Uhlenbeck process in a multi-dimensional setting. To tackle
this problem, we propose a novel approach based on rough path theory that allows us to
construct pathwise rough path estimators from both continuous and discrete observations of
a single path. Our approach is particularly suitable for high-frequency data. To formulate
the parameter estimators, we introduce a theory of pathwise It6 integrals with respect to
fractional Brownian motion. By establishing the regularity of fractional Ornstein-Uhlenbeck
processes and analyzing the long-term behavior of the associated Lévy area processes, we
demonstrate that our estimators are strongly consistent and pathwise stable. Our findings
offer a new perspective on estimating the drift parameter matrix for fractional Ornstein-
Uhlenbeck processes in multi-dimensional settings, and may have practical implications for
fields including finance, economics, and engineering.
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1 Introduction

The field of statistical analysis of time series and random processes involves parameter
and non-parameter estimations, and statistical inferences as well. The majority of research in
this area has focused on models described in terms of diffusion processes and semi-martingales.
Standard references, such as [27, 30, 42, 43], are among those that have concentrated on these

models. However, applications that require the consideration of long-time memory effects have
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brought some attention to models that are not semi-martingales, such as those discussed in
24, 28, 45].

This article focuses on multi-dimensional Ornstein-Uhlenbeck (OU) processes driven by
fractional Brownian motions (fBM). These processes are commonly referred to as fractional
Ornstein-Uhlenbeck (fOU) processes and are defined as the solution to the stochastic differential
equation (SDE)

dX; = —TX.dt + XdBF, Xo = xo. (1.1)

Here, B is a d-dimensional fBM with a Hurst parameter H € (0,1), T' € R¥? is the drift
matrix which is symmetric and positive-definite, and ¥ € R4*¢ is the non-degenerate volatility

matrix. The SDE must be interpreted as the stochastic integral equation
t
X, =x0 — / I'X,ds +XBH,
0

which has a unique solution given by

¢
X, =e —|—/ e Tt=9)xgBH, (1.2)
0

The integral on the right-hand side is a Young’s integral. Therefore, like ordinary OU processes,
(Xt) is a Gaussian process.

The multi-dimensional fOU processes can be used to describe systems with linear inter-
actions perturbed by Gaussian noise. Inter-bank lending is a real-world example that can be
modeled using Equation (1.1), as demonstrated in [8, 19]. A crucial question in such applica-
tions is to estimate the interaction structure I' from a single path observation of the process,
assuming that 3 is known and the single path X (w) can be continuously or discretely observed.

In the one-dimensional case, maximum likelihood estimators (MLE) and least square es-
timators (LSE) have been studied extensively, and their properties have been documented in
literature [24, 25, 28, 45]. The MLE based on continuous observation has been studied by
Kleptsyna and Le Breton [28] and Tudor and Viens [45], who obtained the strong consistency
of the MLE as T goes to infinity. Hu and Nualart [24] investigated the LSE for the case where
the Hurst parameter is H > %, and proved its strong consistency as T — oo for H > % They
also established a central limit theorem for % < H < %. The results were extended by Hu,
Nualart and Zhou [25] for all H € (0,1).

However, few research has been conducted on parameter estimation for multi-dimensional
fOU processes. This paper aims to fill this gap. First, we present an estimator based on the
rough path theory for continuous observation of a single path. To formulate the parameter
estimator, we define an It6 type integration theory for multi-dimensional fBM.

Coutin and Qian [16] developed a theory of Stratonovich integration for multi-dimensional
fBM with Hurst parameter H > i using rough path analysis. However, the problem of con-
structing a rough path theory for fBM with H < % remains unsolved. Here, we focus on fBM
with H such that % <H<L %, where both fBM and fOU processes have finite p-variation with
2 < p < 3. We canonically enhance these processes to geometric rough paths, which allows us
to define Ito-type integrals with respect to fBM and fOU processes by correcting their enhanced
Lévy area processes. We then apply this theory to investigate the parameter estimation prob-

lem for fOU processes based on continuous observation. To establish the strong consistency
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of the parameter estimator, we also explore the regularity of fOU processes and the long-term
asymptotic behavior of their Lévy area processes, which we believe are interesting in their own
right.

We also address the parameter estimation problem for fOU processes based on discrete
observation. In practice, observations are often discrete rather than continuous, even though
the sampling frequency can be increased, as in the case of high-frequency financial data. To
tackle this statistical inference problem, we recommend [1-5, 15, 35] and related references. In
this paper, we construct a parameter estimator based on high-frequency discrete observation
using rough path theory and establish its strong consistency. It is worth noting that Diehl, Friz,
and Mai [17] used rough path analysis to study maximum likelihood estimators for diffusion
processes and initiated research on estimators for the fractional case, but only for small € when

H:%—e.

The methodology proposed in this paper offers several advantages over existing meth-
ods. First, our estimators are applicable to multi-dimensional fOU processes, which reveal the
non-trivial role played by Lévy area processes, and are fundamentally different from the one-
dimensional case. Second, the parameter estimators are pathwise defined and can be computed
based on observations of a single path. Third, our parameter estimators exhibit pathwise sta-
bility and robustness, in the sense that if two observations are close in the so-called p-variation
distance (as defined in the main text below), then their corresponding estimators are also close.
Fourth, our estimators can be constructed using both continuous and discrete observational

data, and are particularly useful for high-frequency financial data.

We note that our approach can be extended to the Ornstein-Uhlenbeck process X; driven

by a general Gaussian noise G satisfying certain technical conditions, where

¢

X, =e Ttz +/ e T=9)34a,. (1.3)
0

The integral on the right-hand side is well-defined as long as t — G is a-Hdélder continuous for

some a > 0. A work that can be referred to in this direction is Chen and Zhou [13]. These

singular OU processes may have practical applications.

The structure of this paper is organized as follows. In Section 2, we introduce some prelim-
inary concepts regarding rough path theory and present a framework for pathwise It6 integrals
for both fBM and fOU processes. In Section 3, we explore the regularity of fOU processes and
examine the long time behavior of their associated Lévy area processes. Then, in Section 4, we
construct a continuous rough path estimator and present a complete proof for its almost sure
convergence and pathwise stability. In Section 5, we present the discrete rough path estimator

that is based on high-frequency data.

2 Rough paths and It6 integration

In this section, we present the notations used in the rough path theory, following established
references such as [20-22; 33, 34]. We provide a precise definition of It6 integrals for both fBM
and fOU processes.



4 ACTA MATHEMATICA SCIENTIA Vol.44 Ser.B

2.1 Preliminary of rough paths
We define the truncated tensor algebra T() (R9) as follows: T(?)(R9) := @2 _,(R?)®". Here

we adopt the convention that (R)®° = R. In this context, we use A to represent the simplex
given by {(s,t) : 0 < s <t < T}. Let X; be a continuous path with finite p-variation, where
2 < p < 3, defined on the interval [0,T]. We denote X, ; = (1, X, X,,) as an element of
the space T (R?), where X, ; = X; — X, € R? and X, ; € R? @ R To further illustrate the
concept, if the process X; is of finite variation, then X, ; = fs<t1<t2<t dX;, ® dXy,, where the
integral represents the tensor product of the two differentials. We refer to X ; as a lift of the
process X to the space T(?(R?) if it satisfies both finite p-variation and Chen’s identity.

The initial motivation behind this concept is to define integrals with respect to X by in-
creasing the information on X. We recall Chen’s identity, which relates to algebraic information,
and the definition of finite p-variation, which relates to analysis information.

We recall that X, ; = (1, X5+, X, ¢) satisfies Chen’s identity if

Xt =Xy — X, (2.1)

Xst - Xs,u - Xu,t = Xs,u & Xu,ty (22)

)

for all (s,u), (u,t) € A.
X = (1, X;4,X;,) has finite p-variations if

sup Z | Xs.¢|P < oo, sup Z IX,.¢|P/? < o0,
[s,t]eP s [s,t]eP
where P is a partition of [0,T]. This is equivalent to the fact that there exists a control w(s, t)
such that
Xl S w(s, )P, [Xou] S w(s,t)¥P, V(s,t) € A.

A control w is a non-negative, continuous, super-additive function on A and satisfies that
w(t,t) =0.

Let 2 < p < 3 be a constant. A function X = (1, X,X) from A to T®(R?) is called a
p-rough path if it has finite p-variation and satisfies Chen’s identity. We denote the space of
p-rough paths as Q,(R%).

According to Lyons and Qian [34], the integration operator is defined as a linear map from
Q,(R?) to Q,(R9), ie. [F:Q,(RY) — Q,(R), and denote the integral by Y = [ F(X)dnX,
where v

Y, = / F(X)dw,X := lim F(Xs)Xst+ DF (X)X, (2.3)
“ [s,t]eP

and the second level Y2 is defined by

E/ F(X)dg,X := lim Z Yy, @Y} + F(X,)® F(X,)X,, (2.4)

where the limit takes over all finite partitions P of interval [u,v].

2.2 FBM as rough paths

Almost all sample paths of a d-dimensional fractional Brownian motion (fBM) with Hurst

parameter H € (1 possess finite p-variation with 2 < & < p < 3, and can be canonically

53]
enhanced to geometric rough paths. Coutin and Qian [16] constructed the canonical rough path
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BHSt = (1, BH BH5t) in the Stratonovich sense using dyadic approximations

enhancement
of fBM and their iterated integrals. However, for the parameter estimation problem discussed
in this paper, understanding the stochastic integral in the estimator (see Section 4) in the
Stratonovich sense would almost surely result in convergence to 0, rendering the estimator
unreasonable and useless. Therefore, we require a theory of It-type integration (non-geometric
rough path) for both fBM and fOU processes. In [41], Qian and Xu constructed a non-geometric

rough path enhancement B = (1, B¥ B) associated with an fBM by setting that

1
71(t2H _ SQH)

oH _ mH,Str
Bs,t - Bs,t - 2

where I denotes the d x d identity matrix. This construction of B st allows for the definition
of pathwise integrals with respect to the enhanced rough path B*. For the first level of this

integral,

for every w € N¢ where N is a null set. The second level is defined similarly as to (2.4).

The theory of above rough path enhancement and associated It integration is limited to
one forms, meaning that it only works well for functions of Bff. Thus, this theory is not
suitable for dealing with fOU processes, which depend on the whole path of BZ 0 < s <t.
In this paper, we reveal that a different integration theory is needed: one with different rough
paths associated with fBM.

To define a non-geometric Itd6 rough path enhancement associated with fBM suitable for
the study of fOU processes, we take that o(t) := £ It — U(t), where

t s
t) := HT / / e Te=w(2H=1 _ (5 — )2H 1) duds. (2.5)
0 JO

This function has finite g-variation with ¢ = allowmg us to define the non-geometric It6

2H7
type fractional Brownian rough path lift for BY a

Bg;lto _ (1 BH BH ItO) — (1 BH ]BH Str (,057,5), (26)

s,t s,t)

where s = @(t) — @(s).

Remark 2.1 One can verify that, if H = %, this Ito6 rough path enhancement is consistent
with It6 theory for the standard Brownian motion. When I' = 0, this enhancement is the same
as the one form case defined in Qian and Xu [41]. In what follows, we will illustrate why we

call this It6 rough path/It6 rough integration.

2.3 FOU as rough paths

The fOU process X; defined by stochastic differential equation (1.1) can also be enhanced
as a rough path according to the theory of rough path, which is the essence of the theory of
rough differential equations. For the existence and uniqueness of the solution to (1.1), for this
simple case through the theory of rough path is not needed. However, when we ask if X; can
be enhanced to a rough path, or when we want to integrate F'(X) with respect to X, the rough

path analysis is a natural tool to deal with these problems.
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We emphasize that the meaning of the solution X to a rough differential equation enhanced
by (1.1) depends on the rough paths B¥ we use. Here B can be either B#:5' (in Stratonovich
sense) or B (in It6 sense).

Let Z, = (BH, X;,t) and Z = (B¥, X, t) be its associated rough path enhancement. Then
equation (1.1) is enhanced to

dnZ = f(Z)dnrZ, (2.7)

where f(x,y,t)(&,n,7) = (§, - Tyt + X, 7). According to Theorem 6.2.1 and Corollary 6.2.2
n [34], a unique solution Z, which is a rough path, exists. Formally, Z = (1, Z,7Z) has the

following expression:

Zsy = (Bl Xt = 5), (2.8)
BE, [iBMdx, ['BIdu
Zei=| ['X,,dBY Xst J! X udu | - (2.9)

JHu—s)dBE [‘(u—s)dX, L(t—s)?
Each component of the second level Z; ; is well-defined as parts of the solution to (2.7). More
exactly, we denote Stratonovich solution of RDE (2.7) as Z5 = (1, Z,Z5"), where Z5% =
(Z8%9); i_1 2.3, and we denote that It6 solution of RDE (2.7) as Z*® = (1,7, Z"°), where
ZI = (ZU04id); 53,

We may therefore define that Stratonovich integral (first level) of fOU process with respect

to fBM as .
/ X, 0 dy, BHS" = 757 + X, Bl (2.10)

0

and It6 integral (first level) of fOU process with respect to {BM as
t
/ Xody, BT = 2007 + XoBgl,. (2.11)
0

Now we can define stochastic integrals with respect to the fOU rough path enhancement
X by Equations (2.3) and (2.4). Note that these integrals are pathwise defined and continuous
with respect to the sample path X(w) in the p-variation metric. In what follows, we denote the

Stratonovich rough integral as

t
/F(Xs)ode:( /F odle/ ode),
0

and the It6 rough integral as

/OtF(XS)de: (1/ dmlx/ X,)dwn, )

As an application, we will use the It6 rough integrals to construct the estimator for parametric

matrix I', and prove the asymptotic properties and pathwise stability in the following sections.

2.4 Zero expectation

Let us illustrate the reason for the naming of It6 rough paths and Itd rough integrals.
In stochastic analysis, It integrals can be defined in terms of the martingale property, which
is suitable for semi-martingales. For processes which are not semi-martingales such as fBM,

attempts making integrals with respect to fBM being martingales are of course hopeless. We
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instead demand that the expectations of integrals with respect to fBM are constant (e.g. to
be zero). We call this kind of integrals as an It6 type integral, which is in fact an extension of
classical It6 integration theory.

Now let us verify that expectation of the It6 integral of fOU process with respect to fBM
fg Xdg, BT (or write as fot X, ® dg, B1%) vanishes.

According to the theory of differential equations driven by rough paths and the definition of
integrals above, and assuming that coefficient matrices I'" and ¥ are commutative for simplicity,
we have that

t t
/ X dg, BH 1 = / X, 0 dg, BTST — $o(t). (2.12)
0 0
since .
X, =e X0+ / e Tt=9)5qBH, (2.13)
0

where X is a constant vector and the integral on the right hand side is Young’s integral and
equals fot e T(t=9)% o dyy, BZS. Therefore

t t
E (/ X, o0 dmlBH’S“> =F (/ e X, o0 dmlBH’S“)
0 0
t S
+E </ / e~ Tls—u)y o dmlBuH’Str o dmle’Str> )
0 0

The first term on the right hand side is zero, and the second term is

t s t s
E </ / e TE=Y% o dyy, BES o dmle’S“> = / / e PE~USdRy (u, s)
0 JO 0 JO

1 t s
_ E (21t2H _ Hl—\/ / e—F(s—u)(SQH—l _ (S _ U)QH—I)dudS) — Z@(t%
0 JO

where Ry (u,s) = E(BYBH) = L(u? + s*H — |u— s|?7) is the covariance function of fBM and
the integral against Ry (u,s) is defined as a Young’s integral in the 2D sense (see e.g. [21]).
Thus, combining equations above, we have prove the zero expectation property, i.e.,

t
E (/ XsdmlBH’“f’> =0. (2.14)
0

3 Long time asymptotic of Lévy area of fOU processes

In this section, we examine the properties of fOU processes. We establish the a-Holder
continuity of fOU processes and prove a long-term asymptotic property of the Lévy area of fOU

processes.
3.1 Regularity of fOU processes
3.1.1 The covariance of fOU processes

The covariance function of a general fOU process can be worked out explicitly. For sim-
plicity, we first study a stationary version of the fOU process in this section. Consider
t
X = a/ e_A(f’_s)dBf,
—o0
which is stationary and ergodic (see e.g. [14]), and that B is fBM with Hurst parameter

H < 3. Tt is well known that the covariance Ry (-,-) of B is of finite 5---variation.
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The covariance function of {X, = O‘fioo e At=9)dBH t > 0} is given by (see, e.g. [40])

r(t) = Cov(Xs, Xsyi) = Cov(Xo, Xy)
2 3 0 1-2H
_ 0 G(2H + 1)sin(rH) / cos()\tm)x i
0

o\ T 1+a2
- U—QG@H +1) cosh(\t) — o g (L H+ 2 H+1;20%2)
2NZH 2 2’ "4 ’
where G(-) is the Gamma function, cosh(-) the hyperbolic cosine function, 1 F5(-;-,-;-) the

generalized hypergeometric function, i.e.,

o (a1)n - (ap)p 2"
F(al,"'aa;bh'",b;x): TN (R
P P I ,;) (bl)n"'(bq)n n!
and (a)o =1,(a), =a(a+1)---(a+n—1), for n > 1. One can see the figure of this covariance
function r(-) and its first and second derivatives below, where we take H = 0.2, 0 = A =1 as

an example.

%107

2+ -

4 dr
d2r

8t 4

-10 - N

2 + N

16 I I | I
0 200 400 600 800 1000

Figure 1 Graph of the covariance function r(-) of stationary fOU and its first two derivatives, e.g.
H=020=\=1.

Lemma 3.1 For the covariance function r(-) of the stationary fOU process X with H < 3,
we have the following properties:
(i) r(t) is 2H-Holder continuous on R, that is,

[r(t) = r(s)| < Crlt — s

for any s,t € Ry and Cy depends on H, o, A only (we may ignore o, ).
(ii) There exist constants 0 < Ty < T3 such that r”(Tp) = 0, r”(¢t) > 0 on interval (0,Tp), and

r"(t) < 0 on interval (17, 00). That is, r is convex on [0, Tp] and concave on (17, 00).
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Proof For covariance function r(-), near t = 0,

r(t) = > A\ 2HHG(2H) (1 - (;'(Q/E;Ij_l)tzH + o(tQH)> )
and for ¢ large enough (see Theorem 2.3, [14]),
1 N 2n—1
T(t) _ 50_2 Z )\—Qn ( H (2H o k)) t2H—2n + O@QH—ZN—?).
n=1 k=0

Since r(t) is continuous on [0,00), one can also see that r(¢) has polynomial decay to zero as t
is large from above equality.
For (i), we have that max;>¢ |r(t)] = C < o0, for any s,t € Ry, and |t — s| > 1, so

Ir(t) —r(s)| < 2C < 2C|t — 5?7,

For any s,t € Ry and [t —s| < 1, we show the statement in three cases: s,t € [0,1], s,t € [1, 00)
and 0 < s < 1 < #(< 2). For the first and third terms, we actually need to show that, for any
s,t €[0,2] and |t — s| < 1, there exists a constant C' such that |r(t) — r(s)| < CJt — s|*Z. Since
r(t) = —ct*" 4 o(t), where ¢(-) is smooth on R,

[r(t) — r(s)| < cft — s|*" + max |¢'(u)||t — 5| < CJt — s|*H.
0<u<2
For the second case, i.e., for any s,t € [1,00) and |t — s| < 1, we have
[r(t) = r(s)| < max|r'(u)[[t — 5| < CJt — s*".
uz

Thus we have prove the statement (i).

For (ii), one can see that there exists a small number € > 0 such that " (¢) > 0 and a large
number 77 > 0 such that, for all ¢ > T, r”(¢t) < 0. By the continuity of " on (0,0), there
exists a Ty € (g,T1) satisfying that /(7o) = 0 and r”/(¢) > 0 for t € (0,Tp). O

What follows are important properties of fOU processes when H < % It is well-known that,
increments of fBM are negatively correlated when H < %7 and positively correlated when H > %7
while for H = %, increments over different time periods are independent. We found that for fOU
process with H < %, the disjoint increments are locally negative correlated. If the distance of the
intervals corresponding to the disjoint increments is large, then they are positively correlated,
and we call this long-range positive correlation (look at the theorem below). Heuristically, fOU
process is locally like fBM so that it has the locally negative correlation property as fBM when
H< % For long distance the drift becomes the dominated force, so the fOU behaves positively
correlated. In the case where H = %, the fOU is the standard OU process driven by standard
Bownian motion. The properties of it are well known. Our main concern here is for the true
fOU process case with H < %

Theorem 3.2 Consider the stationary fOU process X with H < % Ty, T1 are given in
the previous lemma.
(1) (Locally negative correlation) For any sg and so <t; < t;41 <t; <t;41 < so + Tp, then

E(Xti+1 - Xti)(th+1 - Xy ) < 0. (31)

i
(ii) (Long-range positive correlation) For any 0 < ¢; < t;11 < t; < t;j41, and if t; — t;41 > T1,
then

E(th‘+1 - Xti)(th+1 - th) > 0. (32)
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Proof (i) Since

E(Xt - th‘)(th+1 - th)
= (r(tje1 —tiv1) —r(tjpr — ) — (r(t; — tisa) —r(t; — 1))

(r(z3) —r(za)) = (r(z1) = r(22))
= [(r(@a) = r(w3)) = (r(z2) —r(z1))],

i+1

where xTr = tj — ti+17 To = tj — ti, T3 = tj+1 — ti+1; Ty = tj+1 — ti; we have that 0 S r1 <
ro<zz<zg<Topor0<uz <z3< 19 <24 <ThH, and

r(za) —r(zs) _ r(wz) —r(@)
T4 — I3 - To — T1

by the convexity of . This proves (3.1).
(i) The proof of (3.2) is almost the same as (i). O

Recall that, the stationary fOU process X satisfies the inequality
E|X; — X,|*> < Cylt — s* (3.3)

for any s,t € Ry, and Cy depends on H, o, A (we ignore o, A in the notation here). This result

can be found in Lemma 5.7 of [29].

Proposition 3.3 Let X be the stationary fOU process with H € (0, 3). Then its covari-
ance Rx (s, t) = E(X,X;) is of finite 5k-variation on [sg, so + Tp)? in the 2D sense for any sp.
Moreover, there exist constants C' = C'(H) and Tp > 0 such that, for all s < ¢ in [sg, so + To],

‘RX|ﬁfvar;[s,t]2 < O(H)|t - 8‘2H7 (34)
where
P
B l? oo = 500 DB [ (Xips = Xe) (X, — X)) [ (3.5)

4,3

and P = {t;}, P’ = {t’;} are any two partitions of interval [s, t].

Proof By Lemma 5.54 of [21], we just need to show the finite 55-variation by the same

partition P = {t;} of interval [s,t] C [so, so + To]. Let us consider that

Z }E [(Xti+1 - Xti)(Xt_7+1 - th )] |ﬁ : (36)

For a fixed i, and i # j, E [(Xy,,, — X4,)(Xy,,, — Xy;)] <0 for H < % by Theorem 3.2, and

j+1
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hence,
1
2H
E : ‘E [XtutiJrlXt t1+1”
J

1
= Z |IE [Xti>ti+1th»tj+1] |ﬁ + (E |Xtivtz‘+1 |2) -
J#i
1
2H N
ZXtivti+lth’tj+l + (E |Xti7ti+1 |2) -

J#i

IN

1
2H
23 B | S X4, X +257 7 (B | Xy 000 |
titig1<3t5,t541 titita
J

1
2H

IA

1
+ (JE ‘Xt,i,tiﬂ ‘2) .
1
< C(H) [E[X1 1, Xod] |77 + C(H (E X100 |2) -
Therefore, we have that
_1
Z ’E [Xtiati+1th7tj+J ’ﬁ < C(H) Z ‘E [XtivtiﬂXSvt] |ﬁ + C(H) Z (E ‘Xtivtiﬂ ‘2) . :
i, i i

The second term on the right hand side is controlled by C(H)|t — s|. Now we show that
Z |E [ Xt Xon] |27 < C(H)|t— 5.

Since
‘E [Xti,ti+1XS,tj| | = |]:E (Xti+1Xt - XtiXt + XtiXS - Xti+1X8)’
=|r(t —tiva) —r(t —t:) +r(ts — s) = 7(tiv1 — 5)|
< r(t —tiv1) — T‘(t — )|+ [t — 8) —r(tiy1 — s)|

< Cp ltiv1 — " + Cr |tigr — t:*" < 20w [tigr — 1>,
we have that
1
Z ‘E [XtrntleS,t] | < Z C(H) ‘ti-‘rl - ti' < C(H)|t - Sl'
Now we have completed the proof. O

Corollary 3.4 Let X be the stationary fOU process with H € (0, %) Then its covariance
Rx(s,t) = E(X,X,) is of finite 5--variation on [0,7]? in the 2D sense. Moreover, there exists
a constant C' = C'(H) such that, for all s < ¢ in [0, 7],

1
[Rx |2
2H

S —var;[s,t]?

< C(H)|t - s|. (3.7)

Proof We divide the interval [0,7] into m + 1 = {Tlo} + 1 pieces, and denote them as
[0, Tb], [To, 2T0], - -+, [(m — )Ty, mTy], [mTo, T]. For any subinterval [s,t] C [0, 7], there exist
q1,92 € N such that s € [(¢1 — 1)To, 1 To] and t € [g2T0, (g2 + 1)Tp]. By the subadditivity of
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a2 W then have that

|Bx|?

1 1

2 T [Bx[ 2 4 Ry |2

—wvar;[s,q170] —H—vam";[qlTo,(ql—i-l)Tg]2 s —var;[q2To,t]?

S

m\“m\“

|RX|——var i[s,t]2 — |R |

3H 3
CH)(|q1To — s[ + [201To — a1 To| + -+ + [t — ¢2To])

< Ot o]

This completes the proof of the corollary. O

3.1.2 Regularity of fOU processes

In what follows, we study the a-Hdélder continuity of the one dimensional, stationary fOU
process X; = o fioo e‘A(t_s)dBf . Before showing the regularity, we recall the usual Garsia-

Rodemich-Rumsey inequality (see e.g., page 60, Stroock and Varadhan [44]).
Lemma 3.5 (Garsia-Rodemich-Rumsey inequality) Let p(-) and ¥(-) be continuous,

strictly increasing functions on [0, 00) such that
p(0) =¥(0) =0, and lim ¥(t) = oco.
t—o0

Given T > 0 and ¢ € C([0,T],R9), if there is a constant B such that

— 3(s)|
// ( =) )ddt<B (3.8)
then, for all 0 < s <t < T,

o0 o <s [ () i, (39)

As an application of the lemma above, we have
Proposition 3.6 Let X be a one dimensional, stationary fOU process with H € (0, %)
on [0,7]. Then there exist a constant 0 < 8 < 1 and an almost surely finite random variable C
independent of T such that
|X, — X,| < CTP|t — 5%, a.s. (3.10)
for any o € (0, H), and any 0 < s,¢t < T.
Proof Recall that
E|X; — X,|? < Cglt — s> (3.11)
Since X; is Gaussian process, all the norms are equivalent, and we get that

E|X; — X,|” < C,(E| X, — X,|*)% < Cp gt —sP! (3.12)

for any p > 2.
Next, we apply the Garsia-Rodemich-Rumsey inequality. Take ¥(z) = 2P and p(z) = z.

Then inequality (3.12) implies that

| Xt — X 2
< .
</ / < |t — SD dsdt =~ Cp’HT
| X — > / / | X —
Br = dsdt = d dt.
T /o / < |t_5| o Jo |t_3|pH

Define that



No.5 Z. Qian & X. Xu : PARAMETER ESTIMATION FOR FOU PROCESSES 13

Then, for any ¢ > 3, we get that

= B, L E(B,) _ = Cn?
E(ZM>:Z d Sz::lnq < 00.

n=1 n=1

Thus there exists an almost surely finite random variable R independent of n such that

i Bn <R, a.s.,

nd4

we have

Take n = [T]. Then
Br < Bpty1 < R(n+1)?<CRTY, a.s. YT >0, ¢ > 3.

Then the Garsia-Rodemich-Rumsey inequality gives that

It—S| 4B
X, — X,| < 8/ gt (f) p(du)
0 U
< C(4By)7|t — s|H~2/" < CR¥ T3 |t — s
for any a € (0,H), p >3V [ﬁ} and 3 < ¢ < p. This concludes the lemma. O

Remark 3.7 When X, = afot e~ t=9)dBH it still satisfies inequality (3.10).

Additionally, we prove a proposition for a function of fOU processes, which will be applied
in Section 5. Here, we introduce the process Y; as follows:

, t

X, = a/ e Nt=gpHi j—12... d. (3.13)
—0o0

It is worth noting that the processes {Yi, t > 0} are stationary, ergodic, Gaussian processes, as

discussed in [14].

Proposition 3.8 Let BY = (B! BH2 ... BHd) be a d-dimensional fBM with H €
(0,3),and X = (X!, X?,---, X%) a d-dimensional fOU process, where X} = o fg e Nilt=s)qpHi
Ai > 0, 0 € R. Define that F(X;) = X; ® X; = (Xthj)l-yj:l’g_,.“,d, and the norm of matrix
Aas ||All = Z‘ij:l |a;j|. Then there exist a constant 0 < § < 1, an almost surely finite ran-
dom variable C (independent of T'), and a random variable Rt (tends to zero almost surely as
T — o00) such that

< CRrT”, (3.14)

for any 0 < s,t < T, and any « € (0, H).
Proof  First, we present a fact about supremum of the one dimensional, stationary fOU
process (X ') = SUPp< s<¢ |X.| below. Since we know that X and —X  have the same distri-
bution, and their covariance function is
A2H
1

ri(t) = Cov(X 1y, X,) =C (1 T GRHT D

25 ¢ 0(t2H)> (3.15)
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for t small, where C' = o2\, ?? HG(2H) and G(-) is Gamma function, by Theorem 3.1 of

Pickands [39], we know that, for ¢ tending to infinity
1

7 oiugtyi —0, a.s., 7 oiugt(_yi) —0, a.s.
58> <s<

for any J > 0. Since (YZ)’{ = (supOSSStYi) v (SUpogsgt(*yi)), then

(X"
té

— 0, a.s. (3.16)

Since Xi = X, — e X, we also have that ()i—&)t — 0 a.s., where (X); := supgc <, | XZ|.

Now define R; = sup,;_; ... 4 ()i;)z, then Ry — 0 a.s. ast — oco. For any ¢,5 =1,2,--- ,d,

and 0 < s,t < T,

IXIXT - XX = |(X] — XD)X? + XA(XF - X9)
< |X|1X] - X1 + [ X!]|X7 - X1
< (X)Xt = X1 + (X317 - XJ|
< CRrTOTP|t — s|* + CRrTTP |t — s|*
< CRTT§+B|t — 5|,
where the second last inequality follows from Proposition 3.6. One can choose 4, 3 such that
0 < d+ B =:8 < 1. This completes the proof of the statement. O

3.1.3 Lévy area of multi-dimensional fOU processes

In this subsection, let BY = (BH:1 pH:2 ... BH.d) be a d-dimensional fBM with H €
(3,3),and X = (X', X2, -+, X?) a d-dimensional fOU process, where X] = o fjoo e Nilt=s)qpHi
Ai > 0,0 €R. Then X = (X!, X2 ..., X?) is stationary (see [14]), and covariance function is
given by

Rx(s,t) = diag(Ry(s,t),- -, Ra(s,t)),

where R;(s,t) = E(X!X}).

In this subsection, we will show one estimate for off-diagonal elements of the Lévy area
fot X o dgp, X7 of the multi-dimensional fOU process X. We denote Stratonovich’s Lévy area
of the fOU process X as

t t
Alt) ::/ X, 0dn, X = </ X,iod%XJ) ,
0 0 i,j=1,2,---,d

and A;;(t) as its components.

Before showing the estimate of off-diagonal elements, we recall a lemma based on Wiener
chaos. We denote H,,(IP) as the homogeneous Wiener chaos of order n and C"(P) := @}_oH; (P)
the Wiener chaos (or non-homogeneous chaos) of order n. The lemma below gives the hyper-

contractivity of Wiener chaos.
Lemma 3.9 (Refer to, e.g., Lemma 15.21, [21]) Let ¢ € N and Z € C%(P). Then, for
p>2,
(B|Z%)? < (B|ZP)7 < (g+1)(p — 1)#(E|Z])3. (3.17)

Now we illustrate one estimate for off-diagonal elements, i.e., when i # j, we have
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Proposition 3.10 Let X = (X',---, X9) be a d-dimensional, stationary fOU process
with H € (3,3), and let A;(¢) fo X% o dw,X7,i # j be the off-diagonal elements of

Stratonovich’s Lévy area of X. Then there exist 0 < S < 1 and an almost surely finite

random variable C such that
A (t) = Aiy(s)] < O, as. (3.15)

for any s,t € [n — 1,n] and any integer n > 1.
Proof First, we rewrite R;(s,t) as
8 iy
R¢< ; ) =EX.X|,
and denote that

S i s, 1 i i s, t i i
Ri(u v> EX! XW7 R; <u) :EXMX“, Ri<u,v) EX; Xuv.

)

For the second moment of the Lévy area,

( 2>_ <//X1Xl°dffhx o day, XJ>
- [ [ oo
_/S/sRi<v>de<Z>’

where the integral which appears on the right hand side above can be viewed as a 2-dimensional

/ X! o do, X

(2D) Young’s integral (see e.g. Section 6.4 of Friz and Victoir [21]). Then we have that

[ L Com () =L ()em () [ (0)em()
J L) () () L L ()

= I+ II+1IT+1V.

For the first term I, by the Young-Loeéve-Towghi inequality (see e.g. Theorem 6.18 of [21]),
we have that
I< ClRZ‘ 57 —var;[s,t]2 |R |—7var i[s,t]2
< C’max{\Ri\ll

—var;[s,t]?? ‘R |ﬁ—uar [s, t]2}

Then, by Corollary 3.4, we have that

t t
_ / / Ri <8’“)de( “ > <Ot —s|*H. (3.19)
s s S,V v

For the second term IT, by the Young 1D estimate (see e.g. Theorem 6.8 of [21]), we have

t
- n(n ()
s s,t
S O PR L1 P
s S —var;[s,t] st 5 —var;[s,t]

2H
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where
7 Sl () - (2)
s s
55 —var;[s,t]
1
= supz |7i(tes1 — 8) — rmi(te — 8)| 77
P
< SUPZCH [ter1 —te] < Crlt — sl
P
[
and
r . o
By g =B () - m()
S’t %—var;[s,t P S’t
1
SH 1
- Supz ‘E te, tg+1X; t) |R ‘g_var;[&tp .

In above estimate, function r; is the covariance r;(t) = E(X.X’,,). Thus, we have that

t t
1= / / R (58“) de( z ) < Ot — s|4H. (3.20)

The third term I11 is the same as the second term I7 line by line, so

t t s " il
IIT = R; dR; <Ot — ™. (3.21)
s Js S,v v

For the last term IV,

Iv—RZ-(Z>( ()( Ra( ) Rf(i)%f(z)) (3.22)

=7;(0)(2r;(0) — 2r;(t — 5)) < C|t — |2H.

Now, combining inequalities (3.19), (3.20), (3.21) and (3.22), we get that

“

Let s < ¢ and that s,t € [n — 1,n], we have that

“

Now we turn to prove the estimate, for arbitrary p > 2, by the hypercontractivity of Wiener

chaos (see Lemma 3.9), we further have that
p)

t
/ X! ody, X7

) < Clt— s + Ot — s, (3.23)

/ X! o dy, X

t
/ X! odg, X7

2
) < C|t —s*H.

u © dg)r{lXJ

E[|A4i;(t) — A (s)[P] = (

<3(p-1)° (E

< C|t —s[PH.

2) g
Taking that ¥(z) = 2P and p(x) = xI, the above inequality implies that

(o () oe) <
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Define that

n+1l pn+l n+l  entl p
e [ [ (MO g [ [ O A
n n p(‘t_SD t—8|p

Then, for any ¢ > 1, we get that

n=1 n=1 n=1

Thus there exists an almost surely finite random variable R independent of n such that

i & <R, a.s.,

nd
n=1

we have that
B, <Rn? as. VYn>1, qg>1. (3.24)

Appling the Garsia-Rodemich-Rumsey inequality, for any n — 1 < s <t < n, we get

sl 4B, 7
|45 (t) — Aij(s)] SS/ 4 ( ) (du) <8H/ < > w1y
0
8H
= H—72/])(4Bn)% < CRZTLE, a.s.
for any p > % and 1 < ¢ < p. Thus we have completed the proof. O

3.2 Long time asymptotic of Lévy area

For this subsection, we consider the multi-dimensional fOU process, which is the solution

to the stochastic differential equation
dX; = T X;dt + 0dB}, X, =0, (3.25)

where I is a symmetric, positive-definite matrix, o is a constant, and B = (B#:1 p#:2 ... pH.d)
is a d—dimensional fBM. Our aim in this section is to show a long time asymptotic property of
Lévy area A(t fo X, 0dn, X of fOU processes X to show that

1 1
—A(t) = 7/ Xso0dp, X =0, a.s.
t t /s

as t goes to infinity.

The components of the solution for the process X are not independent since they interact
between each other. We first make an orthogonal transformation for this dynamical system.
Since the drift matrix I' is symmetric and positive-definite, there exists an orthogonal matrix
3 such that

; (3.26)

where A = diag{A1, -+, Ag} and 0 < A\; < -+ < Ag.
Define that )Z't = ¥ X,, and EtH = EBtH. Since ¥ is an orthogonal matrix, EtH is still
a d-dimensional {BM with the Hurst parameter H. The stochastic differential equation (3.25)

becomes
dX, = —AXdt + ocdB}". (3.27)
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Now the fOU process )N(t has independent components, so that

t t
/ X,0dn,X=%" (/ Xsodm1X> T
0 0

What we should prove, therefore, is that,

1 [t -~
E/ Xso0dw, X =0, a.s.
0

as t goes to infinity.

We may ignore the symbol tilde and use X, B¥ to denote X and BH , respectively, for
simplicity. Now the d-dimensional fOU process X = (X!, X2 ... X9) has independent com-
ponents and satisfies that

t
Xi :0/ e M=) gBHI i — 19 ... 4 (3.28)
0

3.2.1 On-diagonal case

Lemma 3.11 For the on-diagonal components of Lévy area A(t) = fot X; odn, X, we

have that

1 1 [t A
;Aii(t) = ;/ X:o0dw, X' =0, a.s., Vi=1,2,--- d. (3.29)
0

as t tends to infinity.
Proof Recall that

X t
X, = a/ e Nlt=slgBHi i =19 ... d. (3.30)
— 00

As we have shown, in Proposition 3.8, for any a > 0,
—i

X
lim = =0, a.s.. (3.31)

t—oo ¢

. N R
Since X} = X, — e !X and

t
. 1
/X;Odmlxlzf(XtZ)zv
0 2

from (3.31) it follows that
¢

tliglo} ; X!ody,X"'=0, a.s..
Thus, we have concluded this lemma for the on-diagonal case. O
3.2.2 Off-diagonal case

Let X = (X' X2 ,---, X% be the d-dimensional, stationary Gaussian process given by
(3.30). Its covariance function is given by

Rx(s,t) = diag(Ry(s,t), -, Ra(s,t)),
where R;(s,t) := E(X.X}).

When ¢ # j, we have (as proof of equation (3.23) in Proposition 3.10) that

“

t 2
/ X! ody, X7 ) < Cct*f ot (3.32)
0
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“

Now we define A;;(t) = fot X!ody, X7, as in subsection 3.1.3, and that Z% :=n=27 4;;(n).
We first show that, when ¢t = n € N (discrete sequence), we have that

When t > 1, we have

t
/ X!ody,XI
0

2
> < CtiH, (3.33)

1
lim —A;;(n) =0, a.s.. (3.34)

n—oo N
Proposition 3.12 For the discrete sequence {1 A;;(n),n > 1} and H € (3,3), we have
that L
—A;j(n) =0, a.s. (3.35)
n
as n goes to infinity.
Proof By the inequality (3.33), we have
E|Aij(n)|2 < CTL4H.
Then
supE|ZY|* < C.

According Proposition 15.20 of [21], we know that Z% belongs to the second Wiener chaos
C%(P). By Lemma 3.9, we have that

SupE|Z [P < 3(p — 1)? sup(E| 23 2)} < oc.
For any € > 0, by the Chebyshev inequality, we have that

P (|4ij(n)| > ne) =P (|27 > n'"2He) < supE|Z7|P,

- np(l—QH)€p
where p > ﬁ
Then,
C
The almost sure convergence follows from the Borel-Cantelli lemma. O

Now we can conclude this subsection and show that the limit for arbitrary ¢ rather than at
discrete time Ny.

Theorem 3.13 Suppose stochastic process X; is the fOU process which is the solution
to stochastic differential equation (3.25) and I' is symmetric and positive-definite. Then

1 1t
gA(t) = E/ Xs ®odyy, X — 0, a.s.,
0

as t — oo, where the above integral is in the Stratonovich sense.

Proof First, assume that X is the stationary fOU process as in equation (3.30). The
on-diagonal case is prove in Lemma 3.11. For the off-diagonal case, since
1

A< 714500 — A+ 72 Ay () (3.36)

and setting that n = [t], by Proposition 3.10, we have that the first term on the right hand side
is controlled by Ct~'n® < CnP~! — 0, a.s.. The second term also tends to zero by Proposition
3.12. Thus we have completed the proof of Theorem 3.13 when the fOU process X is stationary.
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If X is not stationary but starts at point 0 at ¢ = 0, we can also prove this asymptotic
. . ~ ~ ~d . .
for the Stratonovich integrals. Now let X = (X 1, .-+, X ) be the stationary version as above.

Then the fOU process is X = X, — e Xy, i =1,2,--- ,d, so
1t ;1 b S N N G
; ) Xuodmlx :g o Xuodmlx —‘rz o A]e J XudUXO
1 ¢ Nou o) 1 ¢ A+ 't <57
- 7/ e NUdX) X — 7/ Aje MitADu gy XX
t Jo t Jo
where the last three integrals are Young’s integrals.

The first term on the right hand side tends to zero almost surely, which has been prove
above. The last term also goes to zero almost surely, which can be prove easily. For the second
and third terms, we can see that fg )\je_)‘fuyzdu and fot e_’\i“in are two Gaussian processes.
By almost the same arguments to the proof of the limit ¢ fot X, odyp, X’ =0, a.s, we can also
prove that the second and third terms both converge to zero almost surely. Here we just give
a sketch of proof for the second term. _

Define that Z; = fot Aje X du, and € = Xp. First, we show that L(¢Z,) — 0, a.s for
the integer subsequence. Since

n . 2 n n
E|Z,* =E (/ )\je_A"uXZdu> = / / ri(u — v)e” N ) dydy
0 0 0

< max|ri(t)|/ / e ) dudy < %(e_kf” -1)2<C,
20 o Jo A
where C, C are independent of n,
1 El¢Z,?  (EEY)2 4 (BEZY):
p( Lz, > 2) < BEZL _ @Y+ @ZDY  C
n n2e2 n2e2 n2g2

by the Borel-Cantelli lemma, we have prove that +(£Z,) = 0, a.s.
Now we show, for any n > 1 and any s,t € [n,n + 1], that there exist a constant 8 € (0,1)

and an almost surely finite random variable R such that |Z; — Z,| < Rn”, a.s.. Since

t ) 2 t ot
E|Z: — Zs)* =E (/ )‘je_/\qu;dU> = / / ri(u—v)e M) dudy < CJt — 52,

S
where C' is a universal constant, applying the Garsia-Rodemich-Rumsey inequality as Proposi-
tion 3.10, we get that |Z; — Z,| < Rn”, a.s. Then, choosing that n = [],

1 1 nl - 1
¥|§Zt\ < ¥|£||Zt — Zn| + ;E\§Zn| < Ri¢n"~t + ﬁ|§Z7L| — 0, a.s..

Thus, we prove the limit of the second term. The third term follows as above. By tak-
ing an orthogonal transformation for X (independent components), we get the same limit for
Stratonovich integral of solution to Equation (3.25). This concludes the theorem. O

4 Pathwise stable estimators

4.1 Continuous rough path estimator

In this section, let X be the fOU process, i.e. the solution to the following stochastic
differential equation:
dX; = —T'X,dt + XdB}. (4.1)
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We construct an estimator based on continuous observation via rough path theory. We suppose
that the rough path enhancement (Xy ;(w), X +(w)) of fOU process X;(w) could be continuously
observed in the It6 sense defined in Section 2. This may leave users with the question of how
to understand data as a rough path in practice, but there are in fact works on how to apply
inverse data to rough paths. We recommend those who may be interested in these questions to
look at the literature on rough path analysis, in particular, [6].

For the construction of the estimator, we adapt the idea of the least square estimator of
Hu and Nualart [24]. Hu and Nualart have derived the estimator in the one dimensional case,

which is formally taken as the minimizer

T
Ar = arg min/ |X, — (—X,)|%dt, (4.2)
Y€0 Jo

where © is the parameter space. In multi-dimensional case, we consider (formally) the estimator

as the minimizer, which is also discussed in [26], so that

t
T, := argmin/ 271X, — (-T271X,)|%ds, t € [0,T], (4.3)
ree J,
which leads to the solution
Ty =—L;'8,, (4.4)
where
t
Li = / (I X)TQ I ® X,)ds € L(V,V*), (4.5)
0
t
5 = / (1© X,)TQ  doy, X € V", (4.6)
0

and space V = R%*4, E;l is the inverse of £;, Q =327, I@ X = (5§Xk)i,j’k:1,...,d, and MT
denotes transpose of matrix M. The integral S; is taken as the Itd rough integral of X defined
as in Section 2. We call this estimator a rough path estimator.

When ¥ = oI (I is identity matrix, o is a constant), the estimator becomes

f{(/otx@xsds) (/X ® dw, > (4.7)

Actually, we can make a rotation to dynamical system (4.1), i.e. act ¥~! to Xy, then we get
the above diagonal case. Thus, without loss of generality, we can suppose that ¥ = o1.
Now we give two examples for cases d = 1,2. For the one dimensional case, the rough path

estimator is .
. Jo Xedn, X X0t+X0X0t

. - 48
" JEx2ds I x2ds (48)

For d = 2, the transpose of the rough path estimator is
o _ 1 Jo(X2)2ds — [y X1X2ds
P det(L(X)) \ - [ xIxX2ds [I(XD)2ds
Jiy Xldyw, X! fot Xldp, X2
J3 X2dp, XY [T X2dy, X2
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where
2

t t t
det(/.it(X)):/ (Xsl)st/ (X2)%ds — (/ X;des> , (4.10)
0 0 0
t
/Xﬁdmlxj:XB{t+X8Xg7t, i,j=1,2. (4.11)
0

As a remark, we mention that here X (w),X(w) and f(w) are pathwise-defined, almost surely.

4.2 Strong consistency

Now we consider the asymptotic behavior of the rough path estimator ft. The solution X
to (4.1) is given by
t
X, =e X, + / e Tt=)ynqBH, (4.12)
0
Without loss of generality, we suppose that Xy = 0.
In what follows, we will prove chain rules for our rough integrals, and then show the almost

sure convergence of our rough path estimator.
4.2.1 Chain rules
First, we have the following lemma:

Lemma 4.1 For H € (4, 1], we have that

t t t
/Xs®dm1X:—</ Xs®Xsds) FT+0/ X, ® dgw, BY. (4.13)
0 0 0

Here, the integrals can be either Stratonovich’s or It6’s rough integrals.

Proof We use the relationship between almost rough paths and rough paths, see Theorem
3.2.1 in [34], to prove this lemma. To simplify notations, we show the d = 1 case, i.e. prove
that

t t t
/ Xdgw, X = —7/ (Xs)%ds + a/ X.dx, B, (4.14)
0 0 0
First, by the theory of rough differential equations and (2.7), we know that
Zsy~ f(Zs)Zsy + Df(Zs)Ls 4, (4.15)
Zsy >~ f(Zs)® f(Zs)Zs1, (4.16)

where the right hand sides are actually almost rough paths associated Z;:, and ~ means the
difference is controlled by w(s,t)? with # > 1, for all (s,t) € A. By Equation (4.15), we have
that

t
Zsy ~ (B, —yX,(t —s) + 0Bt —s) + (0, —y/ Xs,udmo) .

t
/ X udu

Zgy =~ (Bft, —Xs(t—s)+ ant,t — s) .

Since

= / Xydu — X(t—s)| = o(|t — s|),

we have that

This implies that
X~ —yX,(t —s)+ 0Bl (4.17)
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Actually, the above formula could be found from the stochastic differential equation (4.1) di-
rectly. Now by (4.16), we have that

B, f B wdXu f BH du
Zs,t =~ Ml M2 M3 )
f (u—s)dBH f (u—s)dX, 3(t—s)?
where
M, = 0B, — v X, / u— s)dBX,
M, = 0/ BH dXx, — WXS/ (u— s)dX,,
St 1 S
Mz = a/ Bgudu - §7Xs(t — )2
Hence,
t t
/ X,udBf ~ 0B, — v X, / (u—s)dBY ~ oB,, (4.18)
Xt_a/B dX, *yX/ u—stu:cr/B wAXu, (4.19)
/ X udu ~ O'/ BH du — vas(t — )2 =o(|t — s|). (4.20)
Combining (4.17) and (4.19), we further have X, ; ~ o?BY,.
Now using the results above, we can show Equation (4.14), since we have that
LHS ~ X, X5+ X5,
~ —y(X,)2(t — 5) + 0 X, Bé .+ JQBft
~ RHS.
Thus we have completed the proof of the lemma. O

As a corollary, we have

Corollary 4.2 For H € (3, 3], the rough path estimator T, has the following expression:

t -1 t
7 =17 - < X, ® Xsds> </ X, ® dmlBHv“f’> ) (4.21)
0 0

4.2.2 Almost sure convergence

In order to establish the strong consistency of the rough path estimator ft, ie.,

T, 5T, as. ast— o, (4.22)
our aim now is to prove that
1/; Xs ® Xods — C1(H), a.s., (4.23)
I .
;/0 X, ® dg, BE® 0, a.s.. (4.24)

Then, combining the Slutsky Theorem and Corollary 4.2, we can get (4.22).
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Proposition 4.3 Suppose that the stochastic process X; is the fOU process to stochastic

differential equation (4.1) and T is symmetric and positive-definite. Then
1 t
;/ Xs ® Xods — C1(H), a.s.,
0

where the above integral on the left hand side is the Lebesgue integral and the constant matrix
is C1(H) = o?H [, 2?7 e T dx.
Proof Define the process
t
X, = a/ e Tt=s)gBH, (4.25)
Then the process X is stationary Gaussian process and is ergodic (see Section 3.2). By the

ergodic theorem (see [14]), we have that

t

1 [/t .
lim - | X,® X ds =E(Xo® Xy), a.s.. (4.26)
t—oo t 0
Since
Xt = Yt - €7FtYO,
so that
I - =
lim - [ X,® X ds =E(Xo® Xg), a.s. (4.27)
t—oo t 0

For the right hand side, applying integration by parts, we have that

0 0
E(YO ®Y0) = 0'2E (/ BFSdB;I> ® </ 6FSdBSH>
0 (0
= o’I°E (/ / el (BE o Bf)duds)
o2 [ [T rs4uwy Ly 2m | om 2H
=0T e —I(s*" + 0 —|s — u|*")duds
o Jo 2
= JQF/ e Ty,
0

and
oo o0
F/ xQHe_de:H/ i e T2 gy,
0 0

Thus we have prove this lemma. O

Proposition 4.4 Suppose that the stochastic process X; is the fOU process to stochastic

differential equation (4.1) and I' is symmetric and positive-definite. Then
I ;
E/ X, ®dgw, B2 50, a.s.,
0

where Bt is It6 type rough path enhancement of fBM Bf! as in Section 2 with H € (3, 3].

Proof Applying integration by parts, we have

t t
X, = a/ e Tt=9)gBH — &5 <BtH - r/ eF(ts)des) . (4.28)
0 0
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By the definitions of the It6 integration and the Stratonovich integration with respect to fBM
for the fOU process (see rough differential equation (2.7)), we have that

t t
/ X, ® dgy, BEA® = / X, ® odgy, BETSY — go(t), (4.29)
0 0

where )
plt) = 5121 —U(@),
and

t s
Ut) = HF/ / e Temw (21 _ (5 — ) 2H"1)dyds.
o Jo

The first term on the right hand side is defined as Stratonovich integral, and has the following
expression (by Lemma 4.1)

t t t
U/ X, © odgy, BIS' — / X, ® ody, X + r/ X, ® X,ds. (4.30)
0 0 0

Now we represent U(t) as

1
2

t
+ HT / e Tss2H g,
0

¢ ¢
U(t) It — H/ e g1 — HFt/ e Tes2H=1 (s
0 0

and we have that

¢ ¢
o(t) :H/ e*FSSQHflderHFt/ e Tes2H=1 (s
0 0
t
—HF/ e g2t g,
0

. t _ _ _
Since fo e Tss*~1ds 1 foooe Tsga=lgs < C as t — oo,

t—oo t

1 (o]
lim —(t) = HF/ e 1521 s, a.s. (4.31)
0
Then Combining Equations (4.29), (4.30), Theorem 3.13, and Proposition 4.3, for

t t t
a/ X, ® dy, BEA® = / X, ® odp, X + F/ X, ® Xods — o?p(t),
0 0 0
we have that

t [e'e]
lim E/ X, © doy, BT — IOy (H) — aQHI‘/ e Ts2H-105 — 0. as..
0

t—oo t 0

This concludes the proposition. O
As a corollary of Theorem 3.13, now we have the following statement, in which the integral

is in the It6 sense:

Corollary 4.5 Suppose that the stochastic process X; is the fOU process to stochastic
differential equation (4.1) and I' is symmetric and positive-definite. Then

1 t
E/ Xs @ dn, X — Co(H), a.s., (4.32)
0

where the above integral is in the It6 sense.
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Proof As we can see from the definition of the rough integral and Lemma 4.1,

t
/ X @ dp, X ~ X Xy + Xay
~ X, X, +o?B

= XsXs,t + 0-2(BH7Str - Sps,t)

s,t
t
~ / X ®odn, X — 02aps7t
S

for any (s,t) € A. Thus we have that

¢ ¢
/ X, ®@dp, X = / X, @ odg, X — a%¢(t). (4.33)
0 0
By Theorem 3.13 and the limit in Equation (4.31), we get that
1 t e’}
lim 7/ X @dn, X = —GQHF/ e Vs 15 = Cy(H), a.s. (4.34)
t—oo t 0 0
In addition, by the definition of C1(H), we also have the relation between Cy(H) and Cy(H)
as CQ(H):—Fcl(H) O

Now we have strong consistency of the rough path estimator ft as t tends to infinity.

Theorem 4.6 Suppose that I' is a parametric matrix and that it is symmetric and
positive-definite. Let T; be the rough path estimator as (4.7) of I' for the stochastic differ-
ential equation (4.1). Then

Ty > T, as., ast— oo. (4.35)

Proof Applying Proposition 4.3 and Proposition 4.4, and by the Slutsky Theorem, we

have that
1 [t gt
</ Xs®Xsds> (/ Xs®dm1BH> — 0, a.s.
t Jo t Jo

as t goes to infinity. Hence, by Corollary 4.2, the rough path estimator ft almost surely
converges to I'. O

Remark 4.7 Suppose that we take the stochastic integral fot X, ® dn, X in the rough
path estimator T, (equation (4.7)) as the Stratonovich rough integral rather than the It6 rough

integral as above. We can see that

T, — 0, a.s., as t — oo, (4.36)
by Theorem 3.13 and Proposition 4.3. That is to say, we cannot use the Stratonovich rough
integral to do this estimation problem.

Remark 4.8 The explicit dependence of the Lévy area of fOU processes on the drift
parameter I' can make it challenging to apply the estimator in practical observations. However,

as suggested by equation (4.4), we can treat it as an equation for ' and solve it iteratively.

4.3 Pathwise stability

In this subsection, we will show that our rough path estimator is pathwise stable and robust.
Note that I'7 is a functional on the path space C([0, 7], R?), or exactly on the rough path space
Q,([0,T],R%). For every observation sample path X (w) or rough path enhancement X(w) =
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(X (w),X(w)), one has a corresponding estimator I'r(X (w)) or Tp(X(w)) = Dr((X (w), X(w))).
In what follows, we will use the rough path notation rather than the sample path, since our
continuous rough path estimator depends on X(w) = (X (w), X(w)) rather than just the first
level sample path X (w).

A natural question regarding the robustness of the estimator arises: if two observations X
and X are very close in some sense, e.g. the uniform distance or the p-variation distance etc.,
does it give rise to close estimations I'r(X) &~ ['p(X)? In other words, is the estimator I'p(-)
continuous in some distance?

Actually, the rough path idea gives us a good solution to this problem. As is well-known,
in rough path space, rough integration is continuous with respect to p-variation distance. Now
we first recall the p-variation rough path distance dp:

i

i i e’
dy(X,Y) = max sup (zg: X, =Y ) . (4.37)
Here X = (X!,X?) and Y = (Y!,Y?) are two rough paths in rough path space Q,([0,7],R%),
and P is any partition of interval [0, 7.

Now we give the continuity of estimator fT() under p-variation distance d,,.

Theorem 4.9 Let X be a fOU process driven by fBM with the Hurst parameter H €
(%, %] and let (X,X) be the Itd rough path enhancement. Then rough path estimator Tp:
(X (w),X(w)) — Dr((X(w),X(w))) is continuous with respect to p-variation distance d, for
&£ <p<3.

Proof The statement is a corollary of Theorem 5.3.1 of Lyons and Qian [34]. U

5 Rough path estimator based on high-frequency data

In the preceding sections, the estimator we have examined assumes access to contin-
uous observations. However, in practical scenarios, the process is typically observed only
at discrete intervals. Consequently, it is imperative to devise an estimator that operates
on discrete data. We refer to the work [46], in which the authors estimated the parame-
ters of the fOU process using discrete-sampled observations in the one-dimensional case. In
this section, based on our continuous rough path estimator, we construct a discrete rough
path estimator and it still has favorable properties. We assume that the fOU process X
can be enhanced to an Ité rough path X = (1, X,X) as in Section 2 and can be observed
at discrete time {t, = ¢h,¢ = 0,1,2,--- ,n}, or equivalently we can get the discrete data
{(Xgt1 Ko 1)y (Kia e Xty tn )5 s (X1 0 Xt_1,t,,) b In the It6 sense as in Section 2. Here,
n is the sample size, h = h,, is the observation frequency, and ¢ := nh is the time horizon. We
further assume that, as the sample size n tends to infinity, the observation frequency h = h,, — 0
and time horizon ¢ = nh — oo. In other words, the data is high-frequency. We should give more
assumptions to balance the rate of sample size n and the frequency h in order to get the good
estimator below. Now we give the theorem of almost sure convergence for our high-frequency

rough path estimator.

Theorem 5.1 Suppose that the fOU process X, which is the solution to stochastic dif-

ferential equation (3.25) with H € (3, 3], can be observed at discrete time {t, = (h,¢ =
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0,1,2,--- ,n}, and as the sample size n — 0o, n and h satisfy that
nh — oo, h =h, — 0, nh? — 0, (5.1)
for some p € (1, 1JEI_‘{EB), and 0 < 8 < 1. Let
n =1 /n—1
Iy =- (Z(Xéh ® Xeh)h) <Z XenXon,(e+1)n + Xeh,(z+1)h> : (5.2)
(=0 £=0
where I'7 denotes transpose of matrix . Then
T, >T, as., (5.3)
as n — oo.
Proof Let
nh nh
Enh = / Xu & Xudu; Anh = / Xu o2y d%1Xa
0 0
and .
L, = Z(Xeh ® Xep)h, A, = Z XonXon,(e+1)n + Xon, (e+1)h-
£=0 £=0

By Proposition 4.3, we know that

%ﬁnh = %/0 X, ® Xydu — C1(H), a.s. asn — oo. (5.4)
From Corollary 4.5, we have that
LA, = l/nhx % doy, X — Co(H) R (5.5)
o Ann = — ; uw ® dn, 2(H), a.s. as n — oo. .
In what follows, we show that
1 ~
— (cnh _ En) =0, as., (5.6)
and .
= (Anh — En> — 0, a.s.. (5.7)

If so, combining (5.4), (5.5), (5.6) and (5.7), we can conclude this theorem, that is,
-1
o~ 1/~ 1
— -1 e - — -
LA, (m (L~ Lan) + nhcnh)

1 /~ 1
7 An - An 7An )
. (nh ( h) * nh ’>
— 7C1(H)71C2(H) = F, a.s..
Now showing the limit (5.7), we have that

1 N 1 nh n—1
— ’Anh —Ap| = o / Xy @ dr, X — Z(Xthzh,(eH)h + Xon,(e+1)n)
0 £=0
1 =t /e
= Z /e X @ dor, X — (XenXon, e41)n + Xen,(e41)h)
(=0 h
1 n—1 (L+1)h
< — / Xou @ doy, X — (Xon X, (e41)n + Xon, (41)0) | -
n = | Jen
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Since

(£+1)h (L+1)h
Xen,(e+1)n = / Xonu ®dn, X = / X @ do, X — Xon Xon, (041)0>
th th

we have that

% ’Anh —A,l=o.

For the limit (5.6),

n

nh
/ X ® Xydu — Z(th ® Xon)h
0 £=0

1 ~ 1

n—1

(t4+1)h
> / X, @ Xydu — (Xg, @ Xgp)h
=0 \’*h
1 n—1
<
~ nh
£=0

Let FI(X;) = X; ® X3, and any 0 < s < t <T. Then, by Proposition 3.8, we get that

1

nh

(t+1)h
/ X @ Xudu — (Xon © Xon)h
Lh

t
/ F(X,)du — F(X,)(t - s)| < CRrT?|t — s|™+*, Va € (0, H).

Taking that s = ¢h, t = (¢ + 1)h, and T = nh, we have that

~ 1tatp\ 11+8
‘cnh . )

n—1
< 3" CRuu(nh)PhHe = CRyn PR+ = OR,, (nh =
£=0

1+H+p
1+8

n — oo. Also, R,n — 0, a.s.. Thus, we get that L, — En — 0, a.s.. (we may assume

By assumption, there exists a number p € (1, ) such that nh? — 0 and nh — oo as

that the components of fOU process X are independent, so we should make an orthogonal

transformation for X.) Thus, we have completed the proof of Theorem 5.1. g

Remark 5.2 The explicit dependence of the Lévy area of fOU processes on the drift
parameter I' can make it challenging to apply the estimator in practical observations. However,
as suggested by equation (5.2), we can treat it as an equation for I and solve it iteratively.
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